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1 Chapter 1

Exercise 1.1 a) Show that O;; = €; - 0€;. b) If 0ad = b show that b, = O0;ja;.
J

Solution:
a) We already know:

Hence:

n n
& 08 =Y @O0k =Y &&Oy =Y 0Ok = Oj

k=1 k=1 k=1

b)b,=¢;-b=¢;-0a
Hence:

n n

b, = ¢&; E Oa;é; = g a;€; - U€;
=1 j=1

From the last problem, we know:

& - 08 =0,

Therefore:

Jj=1
Exercise 1.2 Calculate [A, B] and {A,B} when
11 0 1 -1 1
A=11 2 2 B=|-1 0 0
0 2 -1 1 0 1
Solution:
[A,B] = AB - BA
11 0 1 -1 1 1 -1 1 1 1
=112 2f(-]1]-1 0 O0|—]—-1 0 O 1 2
0 2 -1 1 0 1 1 0 1 0 2
0 -2 4
=1 2 0 3
-4 -3 0

-1



{A,B} = AB + BA

11 0 1 -1 1 1 -1 1 11 0
=12 21]-1-1 0 O]+|-1 O O]-]1 2 2
0 2 -1 1 0 1 1 0 1 0 2 -1
0o 0 =2
=10 -2 3
-2 3 =2

Exercise 1.3 If A is an N x M matrix and B is a M x K matrix show that (AB)T = BTAT.

Solution:
We set C = AB, hence:

Cij = ZAikBkj
k
o * *
Cli = Cji = Y AjiBi
k

Because ALj = A,’;j BTk = B},

K3

ij = Z BZkAchj
k
ct = BTAT

Exercise 1.4 Show that
a. trAB=trBA.
b. (AB)"! =B7'A-L
c. If U is unitary and B = UTAU, then A = UBU'.
d. If the product C = AB of two Hermitian matrices is also Hermitian, then A and B commute.
e. If A is Hermitian then A ™!, if it exists, is also Hermitian.
A A 1 Ao —Ai

IfA= ,the A1 =
Ay Ago (A1 Aoz — A12Aoi) \ _4,, Ay

=

Solution:
a. Weset C=AB D = BA, hence:

N N
= Z Z BnkAkn

N N
Replace n with k and k with n in ttD = > Y B Ak, respectively(n and k are dummy variables and have
n=1k=1



same value range):

N N
trD = Z Z BinAnk

k=1n=1

N N
n=1k

AnkBkn
1

Thus:

trAB = trBA
b. Because AA™! = A~'A =1, therefore:

(AB)"'(AB) =1
(AB)"'AB =1
(AB)"'ABB ! =B~!
(AB)"'A=B"!
(AB)'AA ' =B 'A!

(AB)"'=B'A™!
c. From the definition of unitary matrix:

Ul =u"!
Therefore:

UBU' = uufAuut

=UU'AUU!
= A
C.
AiBij = Cij
BjrAki = Cj;

(BjrAwr)* = C5;

Ji
* * *
Because A, B and C are Hermitian matrices, hence:

BijAZi = C;i

d.
AB=C
(AB)" = Cf
BfAT =Cf
BA=C
Therefore:
AB = BA
[A,B] =0
e. We already know that:
AAT' =1
(AA DT =1f

(Afl)TAT —1f



And therefore:
(AHTA =1
(A1) = A"

Thus A~ is Hermitian.

x
f. We suppose A~! = Y . Because AA~! =1, hence:
z w

A11 A12 X Yy 1 O
Ay Ago z w 0 1

And we have simultaneous equations:
A11{I? + Algz =1
Aoz + Agz =0
Ay +Apw=0
Ay + Apw =1
The solution is:
_ Ago
A1 Agy — Ap Ay
Y= —Aqo
A1 Ay — Ap Ay
— Aoy

z

X

- A11A22 - A12A21
All

w =
A1 sy — Ao Aoy

At last, we have:
1 A22 *A12
(A11Ags — A19As) —Ayy A

Al =

Exercise 1.5 Verify the above properties for 2 x 2 determinants.

Solution:

0 a
1. Take the determinant as example:
0 b

a
=0xb—-0xa=0
0 b

2. For determinant

0
=ab—0=uab

a b c d
3.IfA= ,and B = , then:
c d a b

det(B) = bc — ad = —(ad — bc) = —det(A)



* *

a b a* c
4. Suppose A = ,s0 AT =

¢ d b dr|
|A| = ad — be
’AT’ =a*d* — b*c*

So it is obviously that |A| = (|AT

X

5.
1 2
A =
3 4
4 3
B =
2 1
8 5
AB =
20 13

Al=-2 [B|=-2
|AB| =4
|A|[B| = [AB]
Exercise 1.6 Using properties (1)-(5) prove that in general

Solution:
6. Suppose the ith and jth columns in the determinant A are equal:

aiq ai12 Lo Q4 cee Gy o Qi
a1 a922 N 0 T cee Q25 ... Qop

A_ = =X
an1 QAp2 ... Api ... Qpj ... Onp

Now exchange the ith and jth columns and have:

aill ai12 cee Qi N ai; N A1p
A/ _ a1 a922 cee Q24 e Q9 ... Qop _ x/
anl1 QAp2 ... Apj ... Qpi ... 0Opp
Because A and A’ are same, 2 = /. And from the property (3), we know that = —2/. Finally, z = 2’ = 0.
7.
AAT =1
Hence:
|AATY = 1]
Al[A] =1
_ -1
A7 = (|A])



8. Because |A| = (’AT‘)*, therefore:

(JA)" =|AT|
Since AAT =1,

|A[|AT| =1
So:

[A[(JAD)" =1
9. From UTU = UU' = 1, we know

Ul =uU"!

And therefore:
Uf = Ut =(up™

Because
Uuou =9
[U'[ o] (U] = ||
Ul [uf]|o] Ul (ju))~! = U] || (u])
Hence:

0] =[]

Exercise 1.7 Using Eq.(1.39), note that the inverse of a 2 x 2 matrix A obtained in Exercise 1.4f can be
written as

1 Asg —Ain

Al = —
AT\ -45 Ay
Show that the equation
Ac=0
where A is an N x N matrix and c is a column matrix with elements ¢;,7 = 1,2,..., N can have a nontrivial
solution(c # 0) only when |A| = 0.
Solution:
From Exercise 1.4f we know
Al 1 Az —Ar2
(A11 A2 — A12A2) —Asy  Ap
Because:
|A| = A1 Agy — A2 A
Thus

i Asg —Ain
Al \ —4,, Ay

If |A| # 0, then A1 exists.

Exercise 1.8 Show that the trace of a matrix is invariant under a unitary transformation, i.e., if
Q=U'ou

then show that tr2 = trO.



Solution:
Because trAB = trBA,
trQ = trUTOU = trOouU'

Since
UUf =1

trQ2 = trO1 = trO

Exercise 1.9 Show that Eq.(1.90) contains Eq.(1.87) for all « =1,2,..., N.

Solution:
1 2
¢ c w1
A 2 N wa
2 2 2
Uw =
1 2 N
cy N 5N wWN
wlc% wgc% - ch{V
wlc% (A}QC% N chév
wlc]l\, (.L)QC?V . ch%
Since
cr
cy
c* =
ey
Uw = (CUlCl,CUQCQ, . ,chN)

It is obviously that
Oc® =wc®* a=1,2,...,N

Exercise 1.9 & Exercise 1.10
Just have a try. And I don’t think approach (b) is friendly to human. It is convenient when works as a
computer program.

ai
a2
Exercise 1.12 Given that UTAU =a = _ or Ac® =a,c® «a=1,2,...,N. Show that
an
a. det (A™) = alal ---a%.
N
b. trA™ = Y al.
a=1
c. If G(w) = (wl — A)7L, then
G N UmU;‘a N cs cjo‘*
(e —;—w_% —;w_%



Show that using Dirac notation this can be rewritten as
: , (i|o) (] j
(@) = (i 9(w) ) = 3 021D

Solution:
a. Since A" = Ua"UT, thus
det (A™) = det (U) det (a™) det (UT)

Because U1 = UT,
det (A™) = det (U) det (a”) det (U™")
= (det (a))"

—afag - ay

b. Because tr (UTA"U) = tr (A"UUT) = tr (A"), hence

N
tr(A") =tr(a") =Y _ap

a=1

X =U'(wl-A)U
=wUMMU-U'AU=w1-a

w — a1
W — az
W —ay
It is diagonal matrix, therefore
w — ap
w — Qg
Gw)=U
w—ayn
(G(w))y; = ZZUl Xop (U )BJ
o B
Because Xop = dap(w — an) 7,
UiaU,, c¥es*

Because

W — Qg W — Qg
Exercise 1.13 If
a b
A_ =
b a



show that

f(A)=

Solution:

First of all, we should diagonalize A.

We have

So the diagonal matrix

When w = a + b,

Solve the equations, and we have

Similarly, when w = a — b, we get

And therefore

Hence

I
Sl =Sl-

fla+b)+ fla—b) fla+bd)— fla—b)
fa+b) 2 fla=b) fla+h)Ffa-b)
2 2
a—w b
=0
b a—w
wi=a+b wy=a-—0>
B a+b 0
Lo a-b
b C1 1
J (o))
a Co C2
. 1
)
)\
) 1
)11
)\
1 1
o[
V2 V2
1 1 1
E fla+b) 0 ﬁ E
Rt e |
N ViV
fla+b)+ fla=0b) fla+b)— fla—0b)
— f(a—0) f(a+b)42rf(a7b)

|
~

(
A

2 2

Exercise 1.14 Using the above representation of §(z), show that

a(O):/_OO dz a(2)5(z)



Solution:

lim a(x) = lim ( /_ T a(x)a(x))

~ lim ( /_ ; dz a(x)5(z) + /+ _ da a()5(x) + /+ Oo do a(w)é(x))
~ lim : dz a()8(x)

= a(0)

Exercise 1.15 As a further illustration of the consistency of our notation, consider the matrix representation
of an operator & in the basis {¢;(x)}. Starting with

Ovi(w Z (@

Show that

0; = / de 45 (2) O (x)

Then using Eqgs.(1.127a) and (1.138) rewrite (1) in bra-ket notation and show that it is identical to Eq.(1.55)
Solution:

O Z e

ﬁ¢z Z wk

/dx Vi (@) 00 /da: > it

=0, ( / de Zw,t(x)wj(x))

=0ji » k= O
J
Therefore

Oji = / dz ¢} (x) O1hi(x)

Exercise 1.16
Solution:
0¢(r) = wh(z)

Z Ocivp;(x chjwj

Multiply 7 () on both side:

qu x)Ocii(x ch]qp
Z OijCj = w Z cjéij
j=1 j=1

= W¢e;

10



Assume

01
02
O: . On:(0n170n2;-~-70nj)
On,
Therefore:
0;C = W¢;
Generalize ¢ from n to oo:
O;jc = we

Exercise 1.17

Solution:
a.
/dx (i1 (o] 5) = (] 4) = 6
/dx@<'%(>—&]
b. oo
Do livtile) = (&' |2) = 8(a’ — 2) = b — ')
Z'(/) z) = 6(x —a')

Because (2’ |z) = §(xz — '),

Multiply (x| on the left side and insert unity:
(z|b) = (x| O|a)
— [ @l ole) @ )

b(x) = / dz’ O(z,2")a(z")

O(x,2") = (x \ﬁlw’>

—ZZ (il0]5) (1"
—Zm O ()

Exercise 1.18

11



Solution:
Since |®) is normalized:

(8] &) =1
/jo (Ne_o‘r2>* Ne 2" dg = 1

N2/ e~202” g — 1
N2 [T
2c
2c
N? =
7T

Therefore,

T T >~ —au? 1 d? —aua?
<q>‘%‘q>>:/_wzve (—deQ—é(x)>Ne da
= N2/ e (—20(21‘26_&"”2 e 5(J:)e_(“2) dz
— 00

= NZ/ (—20&21‘26720‘12 + ae~200 _ 5(%)672&1’2) dz

— 00

(0] 7T 7T
v (E )
:/MCHﬂ_Q
T \ 2V 2«
_a_ [|2
2 7T

To minimize variation integral,

os 1 [T,
da 2 2o

2

a=—

T

So we get the result

1

& — =

s

Exercise 1.19

Solution:

N2 2
8- (2a)1/2
203
N? =8/ —
7T

12



So the result is:

Exercise 1.21

Solution:
a.

Because <<I>0

Therefore:

Because a =1,2,...,

b.

‘%ﬂ‘ / Ne “( V2—1)Ne_°”'2r2dr

2
:NQ/ <3ar2e 20m% _ 9q2pdem2art _ po—20m ) dr
0

2. ml/? 24 - /2 1
—N2(3aq. 2 g2 == L
8- (20)3/2 32-2-(20)5/2  4a
_s 203 (3 T 1
o w \16\V 2a 4«
:§a—2 2o
7T
o0& 3 2
—_— - — 7:0
[} 2 T
a2
T 9
=_—— =_-0.4244
(3]8) = 3 (v )
B

<i>’> =0:

Do) (@0 | 2| 5) (@5
Do) b+ 0 (P3| ')
(o] )]

(3]7]) >

(o] |3) - (v )
:%;@

a=1

@@a >(5012

) =1 = (wl®o) +y[@1)) " (21do) +y131))
_ (m (Bo| +y* <<i>1l)* (x |o) +y|‘i>1>)

(i) ([ 82) o (30 2) + (0] 2)

13



Because |®,) is orthogonal,

(#

| #) = (w180) +y181)) 2 (w]80) +y 1))
= |z|? <<i>0 ‘ H ‘ (i)o> + |y|? <‘i>1 ‘% ‘ &)1>
= aPBo+ (1~ [f") B
= By — |z|*(E1 — Ep)

<i>’>::v2+y2:1

(@

Because E; > Ej,

(@

%’q>> — B, — |¢|2(Ey — Ey) > &
B> &

Exercise 1.22

Solution:
Firstly, we form the matrix representation of operator % in the basis:

(H)11 = (1s| | 1s) = (1s| 5 | 1s) + (1s| Frcosf|1s)
1
=-3 + (1s| Frcosf|1s)
(H)22 = (2p. | | 2p2) = (2p- | #4 | 2p2) + (2p= | F'r cos 0| 2p..)

1
=-3 + (2p, | Frcosf|2p,)

(H)12 = (1s| 2| 2p,) = (1s| 75 | 2p.) + (1s| Frcos@|2p,)
= (1s| Frcosf|2p,)

= (2p, | A |1s) = (2p, | | 1s) + (2p. | Frcosf|1s)
= (2p, | Frcos@|1s)

(2p, is centrosymmetric, so (1s|.2|2p,) = 0.)

(H)21

27 e8]
(1s| Frcosf|1ls) = / / / Y2 Freosf - Y27 12 sin 6 dr df do

F 27t
/ / / sinfcosf - re 2" drdf deo
27

=% / sin 6 cos 6 df do

(2p, | Frcosf|2p,)

0
27T pU OO
/ (327) Y/ 2re /2 cos 0 - Fircosf - (32m) "1 /2re /2 cos 0 - 72 sin 6 dr df dop
o Jo Jo

F 27 7T 0 5 . s
= 500 ; O/ cos®0sinfdf - r°e”"drdep =0

27T pm poo
(1s| Frcosf|2p,) :/ / / w2 Frecosf - (32m) Y 2re /2 cos 0 - 1% sin @ dr df d¢
o Jo

F 27 T o]
= Taom / / / cos? 0sinfdo - r*e /%" dr d¢
Tt Jo 0o Jo

F 27 o) ) 432
= — —rte /<" drde
V327 /0 /0 3
_ 256F

243+/2

14



Then we can solve the eigenvalue equation:
Hc = FEc

We have the determinant to be 0:
1 B 256 F

2 243v2 | _
256 F 1 =0

2432 8
5 1 256%2F?
F?+-F+4 - -" =
+ 8 + 6 22432
We solve the characteristic polynomial and the result is:

2 2
p_ L[ 5, |25 (1 256°F
2\ 8\ 16 2-243?
5,1 [9 2562
16 2V 64 2.2432
. 2 2
5,3 [, 128.256°F
16~ 16 92432

We should talk about which sign be taken, but I'll skip it and just show the result:

5 _3\/ 128 - 2562 F2
9.2432

Using Taylor series expansion:

5 3 1128 - 2562 F
( 29-2432>

1 1 3128-256% ,

2216 9-2432

So a = 2.96.

2 Chapter 2

Exercise 2.1

Solution:
Casel. m=2i—1,n=2j—-1

i D) = [ e w5 ()05 () dw @* @) = [ de w3 (000 1
=0mn =0
Case 2. m = 2i,n = 2j
O ) = [ de w2 (0200 o B°(@)3(w) = [ v 03 (0o 1
=0mn =20
Case 3. m=n=2i—1

Ot | Xn) = / dr 2 ()Y2(r) dw o (@)a(w) = / dr 27 ()2 (r) - 1

15



Cased. m=n=2i

o ) = [ e 08 @)20) do 57 (@)8(0) = [ e v (@) -1

Case 5. m=2i—1,n=2j

Ot | Xn) = / dr 2 (1) (r) dw o (@)B(w) = / dr 2 (1)l(r) - 0
=0

So we conclude that
<Xm | Xn) = 6mn

Exercise 2.2

Solution:

N
D hlE) (i) (x2) - xwlxa)) = A1) (o) (x2) - X () 4 A(2) (o (x) x5 (X2) - X (X)) o+ -

+ h(N) (xi(x1)x; (x2) - X (xn))
=1 (xa(x1)x;(x2) - xe(xw)) + &2 (i (x1)x;(x2) - xe(xn)) + - -
+en (xi(x1)x;(x2) - - xw(xn))
= (e1+ea+... +en) (xi(x)x;(x2) .- xu(xn))
_ E\I]HP
Where E=¢1 +eo+...+en.

Exercise 2.3

Solution:

1

(V| W) = 7 (7 (x1)x (x2) — X (x1)x; (x2)) % (xi (1) (x2) — x; (x1)xi (x2)) dxy dxo

w\»—ﬂ\

X7 (k1) X (x2) xi (%) x5 (%2) — X7 (1) X (%2) x5 (%) X (x2)
= X ()G (x2)xi (x1) x5 (%2) — X (x1) X7 (%2)x; (%1)xi (x2) dxq dxo
_ %(1 —0-041)

Exercise 2.4

Solution:

AV = (h(1) + h(2))xi(x1)x;(x2)

= eixi(X1)x; (X2) + &5xi(x1)x;(x2)
(e + Ej)‘pgp
AV = (h(1) + h(2))xi(x2)x; (x1)
gixi(x1)x; (x2) + € X (x1)x;(x2)
= (g +&;)WEF

16



AV (x1,%2) = (h(1) + h(2)) [271/2(X1(X1)Xg (x2) = X; (Xl)xz(xz))}
= 2712 (R(1)xa(x1)x; (32) — (1) x; (x1) X (3%2) + h(2)xa(x1)x; (%2) — h(2)x; (x1) X3 (%2))
= 2712 (g5 (1) x5 (X2) — €55 (1) xa (%2) + &5x (1) x5 (%2) — €35 (%1) x4 (x2))
= (ei +¢j) [2_1/2(Xz(X1)XJ (x2) — x;(%1)xi(x2) )}
= (g + ;) ¥(x1,%2)

Exercise 2.5

Solution:
1 1
(K|L)= / E(Xr(xl)x;(xﬂ - X;(Xl)xf(m))E(Xk(xl)Xl(Xz) — xi(x1)xk(x2)) dxp dx;

- %/(X:(Xl)X;(XﬂX’“(Xl)Xl(XZ) — X; (x1)xj (x2)x2(%1) Xk (X2)

= X (1) (x2)xk (1) xa (x2) + X (x1) x5 (x2) X0 (x1) Xk (x2)) dx1 dxz
1
= 5(5ik5jl — 0510k — 004 + 8;10ik)
= 01041 — 010k

Exercise 2.6

Solution:
(W | 61) /2 (61 + 0301 + 6a) dr
:/2 (8761 + 0362 + 9idn + 31 dr
:/2 sy (1 S+ S)dr
Wali) = [ 5oy (61— )01 — da)dr
:/2 @@+@@—%@—%@)

= 1 1-— —
/2 17512 + Si2 — S12)dr

W1 |9o) = [ 21+ S12)] 2 [2(1 = S12)] 72 (¢ + ¢3) (1 — ¢2) dr

[4(1—8%,)] 7% (6101 — D362 — $idn + d3n) dr

[4 (1-8%)] 2 (1 =1 - Sia+ Spo) dr

Il
S — —

Exercise 2.7

17



Solution:

The system(Benzene) has 42 electrons. So the number of possible determinants is

(

72 72!
= =1.643 x 10%°
42) 42130! .

The number of singly excited determinants is 42 x 30 = 1260. And there are (42) x (%)

excited determinants.

Exercise 2.8

Solution:

(W55 | hy | 055) = / dx; dxz {271/2(X3(X1)X4(X2) - X4(X1)X3(X2))}

1
2

1
2

% h(r1) [2*1/2(

*

x3(x1)x4(x2) — X4(X1)X3(X2))}

374535 doubly

*/ dxy dxa [x3(x1)*xa(x2) " h(r1)xa(x1)xa(x2) + xa(x1)"x3(x2) " h(r1)xa(x1)x3(%2)

— xa(x1)*x3(x2) " h(r1)xs(x1)xa(x2) — x3(x1)*xa(x2) “R(r1) X2 (x1) X3 (X2)]

L / dxy s () ) xs () + Xa (x1)*h(r) xa (x1)]

= L BIh(1)13) + 1 (41h(1)|4)

By exactly the same procedure, one finds that <\I!‘;"2l ‘ h1 f \Ilif%> = <\Il£1)"2L ’ ha | \I/§§> and thus

(vi|on|vi;) = / dx; dx [2_1/2(X1(X1)X2(X2) - X2(X1)X1(X2))}

Exercise 2.8

Solution:

2

=0

(wiz

| 01| W33) = (3] h|3) + (4| h|4)

*

X O [2_1/2(X3(X1)X4(X2) - X4(X1)X3(X2))}

1/dX1 dxa [x1 (x1) " x2(%2)* Orxs(x1) xa(X2) + X2 (x1) X1 (%2)* Orxa(x1) x3(xX2)

— x1(x1) " x2(x2)* Orxa(x1)x3(x2) — x2(x1)*X1(%2) " O1x3(x1) X4 (x2)]

(U301 ¥3) =0

(Vo || o) = (Vo | O1 + Oz | Ty)
=(1|h|1)+(2|h|2) + (12]12) — (12] 21)

(Vo
(Wi

(Wi | | Wiz)

H| U3 = (Vo | 01 + 02 | V3
= (12|34> — <12|43>
| | Wo) = (V33| 01 + 02| Ty)
= (34|12> — <34|21>
(O3] 01 + 02| T33)
= (3|h|3)+ (4|h|4) + (34]34) — (34]43)

18



Therefore:

(1[h|1)+ (2|h|2) + (12]12) — (12]21) (12]34) — (12]43)
(34]12) — (34]21) (3| h|3) + (4] h|4) + (34| 34) — (34]43)

%:

Exercise 2.13

Solution:
Case 1. a # b,r # s:
[W0) = IX1-- XrXb--- XN)

[5) = [X1 -+ XaXs - - XN)

There are no two columns correspondingly to be equal. So
(Wg [ 01| ¥5) =0

Case 2. a=0b,r # st

W) =Ix1--Xr- - XN)

[W5) = [X1 -+ Xs - XN)

(Ve | 01| W) = (r|h]s)
Case 3. a # b,r = s:

W) = IX1- - XrXb - XN)

[W5) = X1+ XaXr---XN) = — X1+ XrXa - XN)

(Ve [ O1|V5) = —(b|h|a)
Case 4. a =b,r = s:

[W5) = X1+ XrXp - XN)

[W5) = [X1- XrXb--- XN)
N
<‘I’Z|ﬁ1|‘1’§>=Z<C\h|c>—<a|h|a>+<7°\h|7“>

c

Exercise 2.14

Solution:
NWo) = X1 .- XaXp - XN)
MWL) = X1 Xa-1Xat1 - XN)
So we have:
NEg = <N‘I’0 ‘ H { N‘I’o> = <N‘I’0 { 01+ O3 ! N‘I’o>
N N N
= Z (Xm [ h | xm) + Z Z (XmXn [ XmXn)
m m n>m
N—lEa _ <N—1\I/a ‘ % ’ N_l\I’a> _ <N_1\I/a, | ﬁl + ﬁ2 ‘ N_l\I/a>
N N N
= > Oalhlxa)+ Y. D (axw lxexy)
z(z#a) z(z#a) y>z(y#a)
Therefore
a—1 N
NEO - NﬁlEa = <Xa | h ‘ Xa> + Z <XmXa H XmXa> + Z <XaXn ” XaXn>
m=1 n=a+1
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Because <XaXn || XaXn> = <XnXa || XTLXG> and <XaXa H XaXa> =0.

N
NEO N= 1Ea = Xa | h | Xa + Z XmXa H XmXa
=1

Exercise 2.15

Solution:

H W) = P Zi {xi(1)x;(2) ... xx(N)}

TS

Because 77 and & commute with each other.

H|) = P2 {xi(1)x;(2) - xk(N)}

TS

Since

N
i (Dx;(2) - xk(N)} = Zh(i) {a(Wx(2) - xe(N)}
_Z{Xz IXG(2) - h(i)xs (1) - xk(N)}

_Zsé ) (D) xk (V)

(61 teat . en) Da(Wxi(2) - xw(N)}

H W) = P2 {x:(1)x;(2) ... xx(N)}

e

WZ i(e1+ea+ . +en) a(Dx(2) - xk(N)}

e1+€2+ +€NZ 2 {xi(Dx;(2) - xe(N)}

=(e1+ea+...+en) |\Il>
Exercise 2.17
Solution:
(U35 | 2 | W83) = (3| h|3) + (4| h|4) + (34| 34) — (34]43)
B113) = [ dridey w30 @)hia(e)alwn)

- / dry 5 (1) hads(ry)
= (2|h[2)

(4|n|4) = / dry dury 3 (2)8" (w2 )b (r2) B(w2)

:/drg 3 (r2)haba(ra)
— (2/h]2)
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<34 | 34> = / dI‘1 dwl dI‘2 dCUQ ”L[); (I‘l)Oé* (wl)w; (I‘Q)ﬂ* (CL)Q)
X 115 P2 (r1) ewr ) (ra) B(w2)
= [ drydes w3005 (2 el a(r)
— (22]22)
(34143) = / dry dwy dra dws 95 (r1)a™ (wr) 3 (ra) 8% (w2)

X 115 2 (r1) Bwr) 2 (r2)a (ws)
=0

Therefore
(U35 |2 | 03) = 2(2|h|2) + (22[22)

(Wo | 22| W5) = (12]34)
/ dry dwy dry dws 97 (r1)a™ (w197 (r2) B (w2)
X 113 2 (1) w2 (r2) B(w2)

dry dry 9 (r1)] (r2)ri5 Pa(r1)a(r2)
— (12[12)

(WU || Wo) = (34]12)
= [ vy o des s v (e1)0" (@0) 03 02)6" (2
x 713 Y1 (rn)e(wn) i (r2) Bws)
= [ drydes w3003 e () )

= (21]21)
Exercise 2.18
Solution:
Z} (ab]| rs) | *Z‘ (ab|rs) — ab|sr>|2
abrs abrs
= Z ((ab |rs) (rs|ab) + (ab]| sr) (sr|ab) — (ab|rs) (sr|ab) — (ab]| sr) (rs| ab})

abrs
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We let Iy, I, I3, I4 be equal to each part.

L= Z (ab|rs) (rs|ab)

abrs

ZZ Z Z (ab|rs) (rs|ab) + (ab|rs) (rs|ab) + (ab|rs) (rs|ab)

a=1b=1r=N+1s=N+1

I
M) =
HvwgE
]
T
B
B
B

=4 Z Z (ab|rs) (rs|ab)

a=1b=1r=N/2+1s=N/2+1
Similarly, we can get the second term after cancelling the 0 term from the summation:

N/2 N/2

I2—4ZZ Z Z (ab] sr) (sr| ab)

a=1b=1r=N/2+1s=N/2+1
By interchange the spartial orbitals s,r, I; and I5 are found to be equal.
L =1
The I3 part has some differences with either Iy or I5:

iz Z Z (ab|rs) (sr|ab) + (ab|7s) (57 |ab))

1b=1r=N+1s=N+1

N/2 N/2

= ;Z Z Z (ab|rs) (sr]|ab)

1b=17r=N/24+1 s=N/2+1

And I, is the same:

ZZ Z Z (ab|sr) rs|ab>—|—<dl3|§?><?§|dl3>)

a=1b=1r=N+1s=N+1
N/2N/2

—QZZ Z Z (ab| sr) (rs|ab)

a=1b=1r=N/2+1s=N/2+1
I3=14
Because ¢; = €3, the denominators in each term are all equal to ¢, + €5 — &, — €5. Thus

N/2 N/2

+ (ab|s) (rs|ab) + (ab|rs) (rs| ab) + (ab|7s) (rs|ab))

ZZ Z Z 8 (ab|rs) (rs|ab) +4{(ab|rs) (sr|ab)
a=1b=1r=N/2+1s=N/2+1 Eq T €y —Er —Es

N/2 N/2 (ab|rs) (2 (rs|ab) + (sr|ab) )

_ZZ Z Z €a tEp —Er —Es

a=1b=1r=N/2+1s=N/2+1
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Exercise 2.19

Solution:

It is obviously that

Jii = (iilit) = / dry dro Y7 (r1)i(r1) 110 ¥ (r2) 5 (r2)
K = (idlid) = / dry dry 7 (01) (01 )r o8 (e2)epi(r2)
Jii = Ki;

Jiy = (iiljj) = / dry dry 7 (02) (e )P o7 (e )iy (r2)

Ty = [ desdra da(ews (s (r2) o5 )
Ty = T3,

Ky = (ijlji) = / dry dry ] (02 (01)r e (62) s (r2)

Kz*] = / dI’1 dI‘2 ’(/JZ'(I‘l)w;f(I‘l)’l“;;’(/Jj(I'g)’lp:(I‘Q)

If we exchange the label of electron 1 and electron 2, we find that

Thus

Exercise 2.19

Solution:

Exercise 2.21

Solution:

Kij = Kj;
Ty = (ijlid) = / dry dry 93 (023 (01)r ! (e2) i (r2)

K = (jilij) = / dry dry §7 (00 s (r1)r i 0 (e2)edy (r2)

Jij = Jji
ij = Kji
o (2amn + au (12]12)
(21]21) 2(2|h[2) + (22/22)

Because the spatial molecular orbitals are real, thus

Therefore

Exercise 2.22

(21]21) = (12]12) = Ky,

2h11 + Ju Ko
Ko 2has + Jag
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Solution:
(U [ = [ i 0706103 02) (0 + o+ ) )

X / dwy dws o™ (w1) 8% (we)a(wr)B(w2)
= h11 + hao + Ji2

With exactly the same procedure, the result of parallel spin is
(Ui | o | W) = / dry dra 97 (r1)95(r2)(ha + ha + 713 )1 (r1)2(r2)
x [ dwrdun B (@1)5° (w02)Blen) B
= h11 + haa + Ji2
Exercise 2.24
Solution:

(GIGE + a;ab Ix1x2) = aiag Ix1x2) + agai Ix1x2)
=040=0

(alal + alal) [x1xs) = alad [x1xs) + ala] [x1x3)
=04+0=0

(GIGE + a;ab Ix1Xx4) = aiag Ix1x4) + agai Ix1x4)
=040=0

(ala} + alal) [x2xs) = alad [x2xs) + abal [x2xs)
=040=0

(alab + abal) [x1x2) = alad [xaxa) + ala] [x2xa)
=04+0=0

(ajad + ala]) [x1x2) = alal [xaxa) + aba] [xsxa)
= |x1X2X3X4) + |X2X1X3X4)
= [x1x2x3X4) — IX1X2X3X4) = 0

Exercise 2.25
Solution:

(arad + abay) [x1x2) = arad [x1x2) + abar [x1x2)

= Cb; Ix2)
=0

(a1a] + alar) [x1x2) = a1a] [x1x2) + alar [x1x2)

= a] |x2)
= |X1X2>
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Exercise 2.26
Solution:

t
(51']' — ajai

()~
=055 (1)
=6y

)

Exercise 2.27

Solution:
<X1X2 - XN ‘ azaj ‘ X1X2 - ~~XN>
¢ and j must be in {1,2,..., N}, otherwise the integral is zero.
<X1X2 XN ’ajaj ‘Xle- > <X1X2 N | 0ij — aja; ~-XN>

5
5i;

Exercise 2.28

Solution:

(a)

X is a virtual orbital, which is not involved in HF wave function.
ar [Wo) =0 = (Wl af

(b)
Xq is already in HF wave function.
al [To) = 0= (o a,

(c)
alaa|X1---Xa---XN>:_a/;[aa|Xa~-~X1~--XN>
:*a1|~-~X1~--XN>

—I|xr- X1 XN)
=[xt Xr- XN)

(1%0))" = (alaq [¥o))"
<\I/0| = <‘I’0| alar

Exercise 2.29
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Solution:

(Wo | 61| o) = (i| k] j) <‘a2a1aa]a a§’>
—Z 1013 (| asanss — aalyalad |
-5 1113 (55 | amona| )~ (| mmmaselola |
= S 101t (5 90 190) = (o]0 w0) )

Because ¢ and j fall within 1 and 2. The second term has creation operators acting on the existing spin orbitals
and is zero as a result.

a]

(Uo| 61 Wo) = (ilh]j)diy = (L|A|1)+ (2| n|2)

ij
Exercise 2.30

Solution:

<wz|ﬁ1wo>:Z<'\h|j><%\afarazaj\%}
_Z R 5) (zr (Yo |ala;| ¥o) — <‘I/0 >>
fz [ ] ) (W (Wo | 0aj — ajal|\Ilo><\I/0‘ala:faraj‘\llo>>

Xr is not in |¥p). Creation operator al acting on it makes a result of zero.

(U5 | 01| Wo) = " (i|hj) <6ir <%y(5aj—aja2!%>)

j

a aTar

= Z <Z | h|]> <5ir5aj <‘Po | ‘Ifo> — 0y <\I/0 ‘ ajal ’ \I/0>)
= (i1h1]) 8irda;

=(rlhla)
Exercise 2.31
Solution:
(P71 | Oy | Tg) = (ij | k1) <\IJO al ara al jaiag ’ \I/0>
’LJkl
= Z] | k) ( ir a ‘a a ‘ \IJO> <\110 ‘ ala}ara;alak ‘ \Il0>>
Oir <\IJO a Laja ‘ \IIO> = 75”,< T Talak ’ \I/0>

0
< ’ ‘ \I/0> + &4 <\I/0 ’ aT-alaTak ‘ \I/0>

—0ir0al < ’ a;ay ‘ \I’o> + irlak <\I’o ’ a;a ‘ \I’o> — Oir <\I’0 ‘a;alakal
(v

bt (o | alan | Wo ) + Ginban (W0 alar| W)
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- <x110‘a;ajara}alak ’ \1/0> — 5, <x110’ alalaan ’ x1/0> <x110’ atalala,aiay ‘ fo0>
— 5, <\I'0‘a a alak‘\llo>
=5, 5l<ﬁ/0’aak‘\llo> b5 (o aTalaTak‘\IJo>
= 6,501 <\I/0’aak‘\llo> 504 <\Ilo‘aal’\llo>+5 <\I/0’aalakaT’\IJO>

=9, 5l<\110’aak’\110> O 5k<\110‘aal’\110>

<wg|ﬁ2wo>:;%<w|k1>(5 bt (W alai |90 — 615601 (Wo | alar | W)
i Surdn (W0 | abas | 00 ) + Bt (o |l %>>
=;(;ww—;<z‘r|az’>—;<rj|ja>+;<rj|aj>)
§<m|az‘>;<m‘|z‘a>;wmw;waw)

((rb|ab) — (rb|ba) )

1
2

7N

@M 1]

(rb|| ab)

Exercise 2.32

Solution:

a)
sy |a) = (s +isy) o)

1 o1
:§|5>‘H'§|5>
=0
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S45_ = (Sp +15y)(s0 — isy) = 52 + 5, — i(S25y — 5ySz)
=52+ si — i[53, 5y)
= si + 53 + 5.

5_54 = (so —i5y) (50 +i5y) = 52 + 55 + i(sp5y — 5y52)
= si + 312; + i[5z, 8]
= si + 53 — S,

Therefore
s2 = S4S_ — 8, + si

s> :s,s++sz+s§

Exercise 2.33

Solution:
. (lels*[e) (afs*]B) 3/4 0
s° = =
(Bls*|a)y (B|s*|8) 0 3/4
(a|sz]a) (als.|PB) 12 0
S, = —
(Bls:|a) (Bls:18) 0 -1/2
(alsyla) (alsy|B) 0 1
Sy = —
(Blssla) (Bls+|B) 00
(afs—|a) (al|s—|B) 0 0
S7: =
(Bls—|a) (Bls-|B) 1o
And
1 0
S+S_:
0 0
0 0
S_S+—
0 1
It is obvious that
32:s+s_—sz+sz

s?=s_s, +s,+s>

Exercise 2.34

Solution:
[32, sz] =525, — 5,5
— (2 2 2 2 2 2
— (sz—i—sy—ksz)sz — 5. (87 + s, +57)
2 2 2 2
= 5.8, + 8ySz — 8255 — 828
Because

858y — SySg = 1S,

SyS, — 8,58y = 1Sy
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8284 — SpS; = 18y
Therefore

2 . . . .
[s ,sz] = 55(8.85 —18y) + 5y (525y +15g) — (8252 +1Sy)sz — (5y5. — i55)8y
= 538,55 — 1858y + SyS.8y + 1SySy — 558,55 — 1SySy — SyS:Sy + 1555y

=0

Exercise 2.35

Solution:
Because operator &/ commutes with 7,

(A D)) = H A |B) = o H|B) = A E|D) = Bt |B))

Thus <7 |®) is the eigenfunction of Hamiltonian operator with eigenvalue E.
Both |®) and &7 |®) have the same eigenvalue E. If |®) is nondegenerate, |®) and &7 |®) must describe the
same state(based on superposition principle). Therefore

o |®) = a|®)

where a is a constant.
Eigenfunctions |®;) of Hermitian operator 4 form a complete basis set. Suppose eigenfunction [¢)) with
eigenvalue k can be expanded as
) = Z ci |®4)
i

The coeflicient ¢; can be determined as following:
(®; |9) = ch (D | ®;) =¢
J

Because [¢)) and |®;) are eigenfunctions of Hermitian operator 7, |¢) and |¥;) will be orthognal if they have
different eigenvalues and the corresponding coeffcient will vanish.

) = ci| @)
i=1

where |®;) are n degeneracy and all have the eigenvalue k.
With the same process, we know that o7 |¢) is also the eigenfunction of 5 with eigenvalue k. We can conclude
that

A |P) =aly)
And therefore

o |7/J> = CLZCi |‘I>z>
i=1

Exercise 2.36

Solution:
o/ is a Hermitian operator, so eigenfunctions |¥;) and |¥3) with different eigenvalues are orthognal. In
addition, we have already know |¥;) and |¥5) are eigenfunctions of J# as well:

H V1) = k1 |Tq)

H|Wa) = ko [V2)

And
(U1 || Wy) = ko (U1 |Ty) =0
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If o is .72, while |¥;) and |¥5) being singlet and triplet spin-adapted configurations wavefinctions:
FS2Wy) =0¥,)
T2 Wy) = 2|Uy)

Thus we can affirm that the element of the Hamiltonian between singlet and triplet spin-adapted configurations
is zero.

Exercise 2.37

Solution:
1 N!
. |Xin s ch> = yzﬁ Z(—l)pi’ f@Z‘{Xin ce Xk}

N!
1 Z ,

Because .7, is invariant to permutation and therefore commutes with &;:

N!
1 A
7 |XZXij> = \/ﬁ E (_1)%92*5/2{)(1)(])(]@}

1
FAXXG Xk} = M{xXixj - X} = §(Na — Ng){xix; - - - Xx}

No matter how we permute the labels of spin orbtals, the total spin’s z component will never change.
1 1 &
.y S _ - 1P P vy s
T 0} = 5 (Na = Vo) g ;< P Zi{xix; - xx)
1
— 5 (Na = Np) i -+ )

Exercise 2.38
Solution:

L bbby .y =0
And therefore

L2 iy ...) =0
As for operator .7 :

o TAL L

Sy Wipihy .. ) = WZ(*l)pic%re@i{dJﬂ/Jﬂﬁj% .
o -

= U3 Z(*l)pi@itﬁr{%%%% o}

i

Because ., commutes with ;.

2K
Ay} =D sy (it dy -}
j
= {Yikithj; .} + {ibibidy 3+
K
= Z{%%%@j )
J
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1 N! K B
ety ) = —2= > (COP Py (bl )
K 11 N! ’
=3 =Y (PP {wihiiy ..}
; \/ﬁ - 277
=0

Because there are same columns in the determinant.

S L bihipiiy )

In the end: ~ -
S by ..y =0

Exercise 2.39

Solution:
a)
L ((1)B(2) — B(Da(2) = (L~ + 72 +72) ((1)B(2) — B(1)(2))
= (a(1)B(2)) — S~ (B (2)) + (1) B(2))
- Z(B(Ma(2)) + Z2(a(1)B(2)) — L2(B(1)(2))

4 (a(1)5(2)) = i8+(i)(a(1)ﬁ(2))
- ;:(11)@(2)

4 (B(1)a(2)) = i8+(i)(ﬁ(1) (2))
- ;:(11)@(2)

Therefore the sum of first two terms diminishes.

And
Thus

So |1W?) is a singlet.
b)
S (a(1)B(2) + B)a(2)) = (S~ F4 + 72 + 72) (a(1)B(2) + B(1)x(2))
=S I (a(1)B(2)) + S (B (1)a(2)) +.7(a(1)8(2))
+7(B(1)a(2)) + 72 (a(1)5(2))
S (a(1)B(2) = B(1)a(2) + a(1)8
77, (B(1a(2)) = B1)a(2) + al

We have the result that
2 (a(1)5(2) + B(1)a(2)) = 2 (a(1)5(2) + (1) (2))
Therefore [3W?) is a triplet.
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Exercise 2.40

Solution:

S HEAR
(‘i o] )

SHPARC T ArARS
SHIARHERTHIARS

(02 [192) = [ drydradendn |5 (100202 + 02 2)0a(0) (DA - BDa)| i
3 (011202 + 1 (2)02(1) (0()5(2) - Bl1)a(2)]
=3 [ dor e @05 @) - (00" () (a(DE) — BD() {45 V5 (16a(2)
)0 @)y (2w 1) + 07 (2005 (Dt (De(2) + 51205 (Dt (2)a(1)}
= %(hn + ha2)
With the same procedure .
("W | ho | 10T = §(h11 + ha2)

So
("WT | 01| "UT) = hay + hoo

(w30 93) = (3 i | ')
— 5 [ drrdea [BIOU v D@ + 6 WU @ 2)e()
U5 (D (1a(2) + 01 2063 (v (2)a(1)]
= %(le + K2+ K12+ J12)

= Jio + Ki2

Finally the result is
<1"I’% |% | 1‘1’%> = hi1 + hog + Ji2 + K12

Exercise 2.41

Solution:
2)
=S S+ S+ S
SART R
S i) =0
S WT) = S-S )
1 e ] (o34 Ny
=7 e (00 9] @) - v @)
= - (S 7 F1a()5(2) — 529 (1.7 a(2)8(0))
(vr el @)17aa(2) - vF 2] ()7~ a(2)a(1))
= —= (VPP (B + a(1B2) — ¥F Y (D(@(@)B(L) + B2)a(1)))

P (2) — v (297 (1) (a(2)B(1) + B(2)a(1))
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If oy = wlﬂ = 11, two terms is equal and the last formula diminishes. Therefore |1/)‘f‘1/;? ) is the eigenfunction

of .2 and is pure singlet. Otherwise, |1/)§"7,Z1f> can’t be the eigenfunction of .72,

b)
72 [yl = 7( 2){ (1)) (@(2)8(1) + B(2)a(1)
7( el B(2) — ¥ (2)a@)e (1)8(1))
- (w (a()ef@)82) - (1B (2)a(2))
=K-J
Therefore

(K| 72| K) = (K| K = J) = (K| K) = (K| J)
|K) is normalized, so (K | K) = 1. And
(K|J)= / dr, dry duy dey (98(1Da(1)67 (2)5(2) — 5 (a9 (18(1)
(WP Ma(ws @)8(2) - v (B 2)a(2))
= / dry dry dwy dwy 97 (D] ()47 (Ve (2)a" (1) (2)a(1)5(2)
U@ (U ()] (2)a (2)87(1)B()a(2)

2
= S?lﬂ
In conclusion,
2
(K|.72|K) =1~ |8/
3 Chapter 3
Exercise 3.1
Solution:
Ol flxg) = Galhlxg) + Oa [0 [xg)
(i [0 | xg) = Z/ dxp dxz X7 (1)x; (2)r (1= Zi2) P (2)x5 (1)}
b
=3 ([ dxidxe xOx @i @)
b
- [ dxidx (DG @G ()
Z [i7|bb] — [ib]bj])
Z (ib]| jb)
b
Therefore

Ol Flxg) = (@1 h|5)+ > (ib] b)
b

Exercise 3.2
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Solution:

Z{xa}] = Eol{xa}] —ZZ% [alb] — dab)
2 [{xa}] = Ei[{xa}] —ZZ% [alb]* — d2)

Because .Z and Ej are real, and [a|b]* = [bla], 0%, = Opq.

Z[{xa}] = Eo[{Xa}] szba ([bla] = dpa)

Because a,b are dummy variables, we can just exchange them.

Z[{xo}] = Eol{xs}] — Zzeab ([bla] = dba)

By comparing the last two equations, we conclude that €}, must be equal to e4p.

Exercise 3.3

Solution:
h is Hermitian operator, so

[Xa|h‘6xa] = [6Xa|h|Xa]*
[0XaXalXeXb] = [Xa0XalXbX0)

The complex conjugate of first two terms is the last two terms(we can just exchange the subscripts).
[0XaXalXbxb]" = [X6Xb]0XaXa] = [XaXaldXbXb]
The second summation is therefore

]- * *
522 ([5><axa\xbxb] + [0XaXalXbX0] + [6XaXalXoXb]™ + [0XaXalXbX0] )
a b

= Z Z [0XaXalXbXb] + complex conjugate
a b

Exercise 3.4

Solution:
From the previous result,

Ol fIxs) = @]y + D (b b)
b
And it is obviously that
O LIy = G LRl + 7 (b ib)
b

h is a Hermitian operator, so (i|h|j) = (j|h|i)". And

Sty = 3 ([ e ;06 @@
b

b
- [ dxidxe G @G 200(0)
S vt = 3 ([ dxdx 06 @@
b b

- [ dxiax GG EEGE@)
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It is easy to find that >_ (ib|| jb) = > (jb||ib)™. So {xi|f|x;) = (x;| f|x:)", and Fock operator is a Hermitian
b b

operator.

Exercise 3.5

Solution:
N-2p <N72\I’cd | w | Nfijcd> _ <N\I,0 | w | N\I,0>
N 1
Nuo | | NUo) = {alha) +§Z<ab||ab>
a a,b
N 1N
(N2 | 0| N2 g) = Z (alh|a)+ 3 Z (ab || ab)

a#c,d a,b#c,d

Therefore
1 N N N N
N2p,, = —(c|h|c)— (d| h|d) - 2[(Z<acnac>+2<adnad> +3" feal ca) + 3 (da | da) )

—{cd || ed) — {dc ] dc}]

(<c|h|c>+i<ca|ca>)((dh|d)+i<da||da))+<cd||cd>

=—e.—¢eq+ (cd]|ed) — (cd| dc)

Exercise 3.6

Solution:
N 1 N N+1 1N—',—l
NEO_NHEr:(Z<a|h|a>+§z<ab||ab>)—(z<a|h|a>+§z<abllab>)
a a,b a a,b
1, & al
= =il =5 ( X (arlary+ X b))
a(b=r) b(a=r)

Exercise 3.7

Solution:
1 N!
1 N! Z
= W Z(—l)p’j‘ﬂ@z {X1X2 e XN}

= \/% Z(—l)p" P {xixz .- xn}
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Because

Sy {xixz- . xn} = Zf ) {xixz-- xn}

= Z5a {xixz2.- xn}
a=1

N NI
1
I [Wo) = Zﬁai Z(_l)pi Zi{xixz .. - xn}
a=1 \/ﬁ i

Slater determinant is the eigenfunction of Hartree-Fock Hamiltonian /% with eigenvalue ) &,.
Suppose

Hy=f)+ f2)+...+ f@)+ fG)+...+ [(N)
And after permutation operator £;j being applied on it, it becomes

Py =f)+f2)+...+fU)+ fi)+...+ f(N)

It is obvious that thay are just identical.

P = P
So sy commutes with Z;;.

Exercise 3.9

Solution:
Suppose x; has a spin function.

il hlxi) = / dry dws ¥j (r1)a” (wi)h(1);(r1)o(wr)
/dr1 Y7 (r1)h(1)9;(r1)

= (1;|hle;)
N N/2 N/2 ) )
> O I xixe) =Y Wtde | ¥ixw) + D (b || 510)
b b b
The first term:
N/2 N/2
> W ) = {/ dry dra dwy dwz ¢ (r1)a™ W)y (r2) e (W2)ri 1y (1) (wn )y (r2) c(wo)
b b
- / dry drp dwy dwz ¥ (r1)a* (W) (r2)a™ (W) du(rn) a(w )i (r2)a(ws)
N/2
=30 | [ avdns v e0vi e e
b
= [ v w5 e () ()2
N/2
=" [(G4lob) — (jblbs)]
b
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The last term:

N/2 N/2

D (e [ 50) = {/ dry dry dwy dws 95 (r1)a” (w1) iy (r2) 8% (w2)ryy 1) (r1) (wi )y (r2) B(ws)
b b
- / dry dry dw; dwsy ¥ (1) (wi) ¥ (r2) 8% (wa)ri5 s (r1) B(wi )1h; (r2) or(w2)
N/2
= dry dry 5 (r1)vy (r2)rpy 45 (1) (r2)
zb: {/ b 2 b ]
N/2

= (jilvh)

b

We have
N/2

N
> e i) = [20741bb) — (5b]bs))]
b

b

The orbital energies in closed-shell expression is

N/2

= (¥;|hley) +Z (771bD) — (5b1b5)]

N/2

=hj+ ) (25— Kjp)
b

Exercise 3.10

Solution:

K
i) = Z |6,) C
(| = ZC

p=1

Because molecular orbitals are orthonormal,

Oij = Wi\%‘)
K
72 Z‘¢u> vj

I
M=
] >

Ciu(Puldn) C

p=1lv=1
K K
=22 CiuSuCu
p=1lv=1
It is equivalent with the following expression:
I=C'sc

Exercise 3.11
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Solution:

p(r) = (Yo | p(r)| To)
NI N

N
:2%22(71)101'(71)%/@1... dxy 2; Ix1(D)x2(2) ... xn(N)}

6(rs =) 2 {xa()x2(2) ... xn(N)}
Because spin orbitals are orthogonal, the intergral will be zero if permutaions ¢ and j are different.
N N!
p(r) = Z N Z/ dxg ... dxy Z; {x1(1)x2(2)...xn(N)}*

O(rs — )2 {ixa()x2(2) ... xn(N)}

The electron labeled s occupies spin orbitals {x;|i = 1,2,... N} in turn, and other N —1 electrons have (N —1)!
kinds of arrangement.

N
o) =3 E S [ i) ote -~ i)

=

dxs xi(xs)"0(rs — r)xi(Xs)

==

D= +D= <D= -1

~
]

drs ¥;(rs)*0(rs — r)i(rs)

—

¥i(r) i (r)

=]
Mz -1 - M-

=]

I
o

Yi(r)*9i(r)

<.

Exercise 3.12

Solution:
(PSP)ys = Y PuvSuwPus
N/2 N/2
=3 (2> CuCry Suw -2 CunCyy
vw a b
N/2 N/2
=4> > |Cua ( > CjaSWCwb> C3,
a b rw
N/2 N/2
=43 ) ChadurC,
a b
N/2
=4 Z C,WIC;(L
=2P,s
ie.
PSP = 2P

Exercise 3.13
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Solution:
N/2

e =hten) 3 [ ara e}z = Prayr vt

N/2

=h(r)+ Y
b

/ dry Y @5 (ra)Ciy(2 = Pia)riy » ¢§(F2)C§b]
o A
N/2

=h(r) +Y > CnCx {/ dra ¢ (r2)(2 — 912)7’1_21%(1?2)]
o\ b
~ (e + 2 > [ [ e ez - %)vﬂl;mm}

Exercise 3.15
Solution:

UfsU =s
SU = Us

i o i
E Suvc, = sic),
174

Multiply by CL* on both side and sum

DG Swe, =D _esic,
N2 N2
ZCL*/ dr ¢Z(r)¢,,(r) cfj = Zsi ’ciﬁ
pv I
[ s @i = s el

“w

2 ;12
[ P =5 Sl
o
Because intergral and summation are positive, the eigenvalues s; must be positive.

Exercise 3.16

Solution:

K
bi=> Chd),

p=1

The expansion by original basis set is
K
'(/}i = Z Cui¢u
v=1

The transformation within two basis set is
K
¢:L = Z qu¢y
14
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K K K
Vi = Chidh =D Cpid  Xuudy

pn=1 pn=1

It is obviously that
Z ni V/L

ie.
C =XC’

(XTFX) :Z(Xf) Fii X,

-3 [ @ swrmen x,

- / dr ¢} (1) £(1)¢},(1)
—F,

Exercise 3.17

Solution:

N/2

EO - Z(haa + faa)

a

N/2 N/2
Z( wa|h|wa +Z2Jab_ ab))
N/2

= Z (22%0,,@ / dr ¢},(Dh(1)¢,(1)+

nv

N/2
> (2 z Coa [ @ 500 MR Z Cua [ dr ¢;<1>wb<1>r1—;w;(2)@(2)))
N/2 K N/2
=> > C;.Cua (2H;3re Z (juv|bb) — ub|bu)))
a K,U,l/
_ Z PVM(Hcore F,ul/)

Exercise 3.19
Solution:

GF 4ap K 2 2
s (o, r—RA) (ﬂ,r—RB) (7r2> exp(—a|r—RA| — Blr —Rp]| )

The exponent in the result can be changed as following;:

—afr ~Ruf* ~ Bl = Rpl = —(a+ A)lrf> + (20R4 +26Rp) v — (alRaP + fR5)
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We set p = a + S,

2

R4+ PBRp aR4 + BRp
—afr —Ra2 - Blr — Rp|? = —plr)? + 2pr - & -
ol — Ral? = Blr = Rp? = —plef* + 2pr - SRATIRE | CZA L
aR4 + SR | ) )
tp| o (olRaP + AIRP)

Set Rp = (OéRA + ﬁRB)/(OZ + 5)
. . 2 . 2 ( _ 2 ) . 2 _Lﬁ 2 2 .
ol ~Raf* = Br —Rol* = (= plr +2pr- Rp —plRp|”) = -2 (IRaP” + [Rif* ~ 2R R

= —plr —Rp|* -

af 2
Rs—R
oz—i-ﬁ‘ A |

On the other hand,

(@522)

() ()

¥ (a,r — R (B,r — Rp) = KapoTF (p,r — Rp)

108\
()

Therefore, the result is

Where

Kap = (%)3/4 exp (aﬁ/(a +B)Ra — RB\Q)

2 3/4
o (p,r—Rp) = (7_() exp ( —plr — RP|2)

Exercise 3.21
Solution:

COF (¢ =1.0,STO-1G) = ¢$F(0.270950)

Because o’ = a(¢ = 1.0) x (?
CGF (¢ = 1.24,STO-1G) = ¢SF (0.41661272)

GF is already normalized.

3/4 3/4
1 :/(2@> ol Rl (20‘) o—olr—Rs[? g
s T
3/2
_ (20‘> /efcwrfml? ol —Rsl? gy
T
3/2
— (2@) ,f{/e*p\r*RPI2 dr
T
3/2 00
2 ~
= 47'((a> . K/ r2e P dr
T 0

3/2 1/2
s 4\ p3
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Because

=~ « «
K =exp [_afﬁ |Ra— RB2:| = exp [—5 |Ra— RB|2]

p=a-+f=2a

Therefore

20\ */? : 1/ m\Y?
_ 2t a—a/2Ra-Rp* L[ T
512 47T<7T> e 4(8a3>

= efo‘/z'“:tA*l{Bl2

= 0.6648

Exercise 3.22

Solution:

Y1 is 04 symmetry and 13 is o, symmetry. So they have the corresponding formation:

1 = Ci(d1 + ¢2), V2 = Cr(P1 — h2)

Both 7 and 1, are normalized.

(U1 ]1) =1
CF ({01 [91) + (¥ [vh2) + (Wn [¥2) + (2] 1)) =1
2 1
172425,
C1 = £[2(1 + Sy2)] /2
There is no matter whether C'; is positive or negative. We just set it positive.

C1 = [2(1 + S10)] 7Y/

With the same procedure
Cy = [2(1 = Syo)] /2

Exercise 3.23

Solution:
H®"™C = SCe
Use matrix presentation
Hyre Hig™e Ci Gy | [Su S Ci Gy €
Hsre Hsge ] \C1 —Cs So1 Saa) \C1 —Cs 0

H{™¢Cy — HSCy = £3(811C2 — S12C5)
Eliminate C; and C5 on both side, and S1; =1
e1 = (H{"™ + Hi3") /(1 + Si2)
= (—1.1204 — 0.9584) /(1 + 0.6593)
= —1.2528 a.u.

{Hffrecl + H{gC1 = €1(S11C1 + 512C1)

g2 = (Hi7"™ — Hi5")/(1 — S12)
= (—1.1204 + 0.9584) /(1 — 0.6593)
= —0.4755 a..
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Exercise 3.24
Solution:

Ci1=C1 = [2(1 + 512)]_1/2
Cy1 = C1 = [2(1 + Sy2)]~1/?

012 = CQ = [2(1 — 512)}71/2
022 = _CQ = —[2(1 — 512)]_1/2

Because P, = 2., C.C%,
P =201:1Cf = (14 S12)71
Py =2011C3 = (14 S12)7 1
Py = 209.CF = (14 S12)7 1
Pyy =209 C3 = (1+ S12)7t

P=(1+S12)" (

The corresponding density matrix for Hy is

1 11
P = 5P =201+ S1)] ( )
11

Exercise 3.25

Solution:
Fiu = HP+ 32 P [(01611663) = 5 (0n6nl6001
= HY™ + Pu [(016110161) — 5(616116101)]
+ Pus[(916116261) — 5(616116201)]
£ Pu[(616116102) — & (0162ln61)]
+ Po[(616116202) — & (6162l0261)]
Because

(P101|P21) = (D101 P2b1) = (D101 P1P2) = (P102|P11)
Fiy = Hit™ + (1+ 512) 7" [%(¢1¢1|¢2¢1) + (9101|d102) + (d101]P262) — %(¢1¢2|¢2¢1)}

Exercise 3.33

Solution:

for) = [ dor o) flrenate)
Flere) = b1+ 3 [ dxa ;2 (1 P
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Therefore
foen) = [ dor o @ihDaten) + [ dor a”w) [Z [ dxe @ (1= i@ ate)
The first term, where core-Hamiltonian has nothing to do with spin:

/ dw; a®(w1)h(1)a(wr) = k(1)

The next term can be divided into two parts based on spin:
N(l NOC
> [ drxe 0 )i (1 - Prodvalxalaton = Y [ dorxe o) i (r)ae)
Na
=3 [ durxa @ @) ra)rid i a(wn)
NOC
= Z/ dwiraws a*(wy)a* (w2) i (r2)ris a(ws) e (ra)aw)
Na
— Z/ dwirows a*(wy)a™ (w2) i (r2)ris a(wr ) (ry)aws)
NOC
=3 [ e vt e)
Na
=3 [ dra vt arnv )

N

=3[ () - K2(1)]

a

Similarly
> [ donxe o @il (1 - Pradva(xalaton) = Y [ dorraws o (00)8" (w2)u (2 Blun) vl (r2)a(en)
NP
=3 [ durrae o @n)8" (w2 (ea)ri Bl (11 )alw2)

NB
=Y [ des P vl o)

NP

=Y J0)
So the result is

Ne NP
For) =h1)+ > [Jem) - K]+ J51)

Exercise 3.35

Solution:
/ dry Y Ry = he;
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/ dry dry 7 ()62 (2)r e (g (1) = Joo
/ dry dry 7 (1) (2)r v (16 (2) = Koo
/ dry dr 7 (1) (2ritef (2)pe(1) = J2°

Therefore

& = (wo‘lfo‘lzb )
N#

= h% + Z(J;z“ — K+ > gk
ef = <w@|fﬁ|w>

_hﬁ +Z JBB Kﬁﬁ +ZJ€1&

N[—} a a
Eo—Zs +Z£ —fzz Joo — Ko)
NP NP N® NP

_,ZZ (JB8 — KPP _ ZZJaB

Exercise 3.36

Solution:
[rwar= [ () = o) ar
= N® - N#
Because 1
I, | ) = §(Na — NP)|)

So the eigenvalue(expectation value) of .7 is 1 (N* — N¥).
/ps(r) dr = 2(.%)

Exercise 3.37

Solution:

No

o
=D W@ =) vt x) - ve(r)

a

= ZC
Z (Z Crady(r)- Zcﬁa(b#(r))
= Z Z CraCra - du(r)dy(r)
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Define density matrix for a electrons

Z CCoa
r) =Y Poou(r)e)(r)
nv

Exercise 3.38

Solution:

N

> (Ulh(i)|¥) =

i

(On) =

N N&

Z<xi\h<i>\xi>f2<w|h ) 9F) +Z<

g
Ne

> W i)

%

) |[¥i) =

—ZZ

With the same procedure

Z<

*ZZ

v (v[h|p)

Exercise 3.39

Solution:

(p%) = (U | p° | Wo)

9 N! N
=W
ij m

6(I'm — R)sz(m)@]{x1(1) .

The permutation &; and &?; are required to be the same.

46
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0 [v7)

ZZZ Cl“Cm 1/|h|/L

(v[h|p)

>szmw
NI

v (V[h|p)

fl)pf/dxl...xN Zi{x1(1)...xx(N)}

xk(N)}

Otherwise there must be electrons occupying



different spin orbitals(not the electron m), and the corresponding term is equal to zero.

9 N! N
= MZZ/ dx;...xn e@l{Xl(l)Xk(N)}

0(rm — R)s.(m)Zi{x1(1) ... xx(N)}

92 N N
= 235 [ i xalm)aen — R (i)
N N&
%Z |:Z/ drm dwm ?(m)a(wm,)(;(rm — R)sz(m)z/}f‘(m)a(wm)
7 .
37 [ At e 9 1) 330 = R () (1))
N N®
= %Z B > / dry, 4 (m)d(r, — R)YE (m)
1 ¥
-1 Z / dry 2 (m)8(rm — R)y? (m)]
N NB
=Y [ arur®ur®) - Y [ aR I RI®R)
= "(R) - ' (R)
=p°(R)

Exercise 3.40

Solution:

N NP N* N°
Eo=) hi,+> hl,+5 ZZ — K&2)
“ ’ Nf’ N N> NP

t3 ZZ (o = Ka)) + DD T
a b

hia = WEIhIE) =Y iz (6ulhlé)Cra

nv

oS
D i = ZZC“* Pulhlén)Cla =D P Hy
a

a nv

In the same way,
NB

Ez:}#g _-zi:jg:(jﬁ* ¢H|h¢¢u (75 = ZE:‘Ffllyzzre

o= (VeUEeReR) = D CraCraCsi Cayuv|ho)

2.4

Ko = (g legvg) = Y ConCo,Csir Oy (uMlov)
UvAo

T = Wlelliul) = Y OBt O8Ol (o)
2N
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Ko = (Wi [y el) = Y Clncl,Cly oy (phlov)

pnro

Jo0 = (weellv)vy) = Y 0o s, 0% Ol (o)

UvAo

,ZZ ZZC“*CO‘ ZC"* & [(uv|Ao) = (uAlov)]

MVAU a
-5 Z vy UA [1,1/|>\CT) (M)‘|0V)]
#VAU
1 NP NP NB
I NCHENIEEDS ZCﬂ*Cﬂ Z%‘C&[(wlko) (1A ov)]
a b ;w)\a a
5 PLPAGwAe) — (kAlov)]
yuAJ
N* NP N NP
ZZJS“JB = Z ZCMCQ Zcfbcfb(ﬂﬂ/\g)
a b urvio a

= > Po Pl (o)

2.X4
Therefore, the total energy is

EO = ZPS;LH;CL?/TG ZPE;LH;CL?/TE Z v 0’)\ [LI/|>\J) - (l"’)‘|01/)]
pv

MVAU

+ = Z Pyﬂ“PfA [(uv|Ao) — (pX|ov)] + Z Pl‘,)‘HPf)\ (nv|Ao)
uqu 22X

1 1 1
= 5 S PLHE 5 S P HE 4 5 S P H
uv uv uv

1
5 30 PG [(Pay + PL) Gwde) — P (uAlov)|

2.4

1
5 32 PA[(Po.+ PR (uvlre) = Pl (ulov)]

2.4

Because p, v, A, o are dumb variables, and (uv|Ao) = (Ao|uv). The last term can be expressed as

1
5 3 P[P8 + PL) (wvlre) = P (ulow)|

2N
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1 1 1
= L P g LR+ R
pv pv

5 30 P [(Po+ PE) (wiro) — P (iAov)

yuAU

+ = Z [ Py + P )(/u/|)\a) - Pfg(/,b)\|0'l/)}

HVAU

= %ZPBLHE‘;W ;ZP;‘H{Hﬁzre+Z [ (uv|Ao) — (M)\|g;/)]}
214 uv
ENATED M AR ARLD)
1214 3%

1 T rycore a o B B
:22{]3 H +P’/HFHV+PVHFMV}

vty
Nz

4 Chapter 4
Singly-excited singlet spin-adapted configurations:

) =272 (w) + |wy) )

Doubly-excited singlet spin-adapted configurations:

L) = P5g)

I““If22>=(12)‘”2(2|\I/22>+2|‘1’§§>—\ ) W)+ ) — ) )

T8 1 sr Ts 78 ST
P = 5 (195) + 15 + w55 + e35) )

X X 1 X : . 5
(| o = B |'wy) = 5 (L] — Bo| w) + (Vi | — Bo | ¥5)
(WG| B | W) + (Wi |~ By | W) )

(Vg [ 01| ¥5) (W5 [ 02| W5)
a#br#s 0 (rbllas)
a=br+#s (r|h|s) %(rn”sm—(raHsa}
atbr=s — (blhla) — 52 (b an) — (br | ar)

| XN " N
N - mn || mn) (an || an)
a=br=s ;m\hhn alhle) 27;11\7 zn:
+ (r|h|r) Z (rn||rn) — (ra||ra)
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(W | o] w5) (| 02| ¥5)

a#br#s 0 <7"BH(1§>
a=0br+#s 0 (ral as)
a#br=s 0 <r5’|af>
a=br=s 0 (ra || ar)

(Vg o[ W) (V10295

a#br#s 0 (7b] as)
a=br#s 0 (aF || sa)
a#br=s 0 (rb]| ar)
a=br=s 0 (a7 || ra)

(wi|on|wg) (wi| 02| )
a#br#s 0 (7b|| as)
a=br+#s (F|h|8) %(Fn”sn)f(raHs@
atbr—s —(5|h|a) f§;<5n||an>f<l_7f”ar>

N LS~ (| mm) = 3 (an ) an
ambros Smlibim—@lal) 25 :

+(r[h|T) + (| Fn) - (Fa | Fa)

In addition, only when a = b and r = s, the following terms are not zero:
(Wi EBo | W5) = (G | Eo | ¥5) = Eo

With the above results, we can evaluate the matrix elements.

a#br#s

(0|~ By | "01) = 2 ((rbllas) + (rb | as) + (7b | as) + (7b | as) )
= 2(ralbs) — (rs|ba)
a=br#s

(W |~ Bo| w3y = 5 ({r1n]s) +Zrn||sn (ra || sa) + (ra | as)

+ (aF || sa) + (F | h| 3) +Z (fn|| sn) — raHEd})

N
(rlh|s)+> {rnsn) = (r|f|s)
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(rFln|s) +Z (rn | sn) = (r| f|5)
These two terms are the non-diagonal of Fock matrix, which are zero. The remaining is
(| A — Ey| M g) = %(4(7’a|as) - 2(rs|aa))
Because a = b, we can be free to substitute a with b.
(twr | A — E | "Ws) = 2(ralbs) — (rs|ba)
With the same procedure, when a # b and r = s, the result is
("l | A — Eo | 3) = 2(ralbs) — (rs|ba)

a=br=s

N N

(" | A — Eo| MO} (Z (m|h|m)—{a|h|a)+ <T|h|r>+%z<mn||mn>

m m,n
N

- Z (an || an) + Z (rn||rn) — (ra|| ra) + (ra || aF)

N

+{ar |ra) + ) {m|h|m) — (@l h|a)+ (7| h|7)

m
N N

N
+;; (mn || mn) — Z (an || an) + Z(Fn”fn)

~ (ra | ra) - 2y

1
= §( — 24 + 2¢, + 4(ralar) — 2(7‘r\aa))

After selective substitutions, the result is
(twy, ‘ H — Ey ’ ") = —e, + e, + 2(ralbs) — (rs|ba)
And we can conclude that

(" | A — Eo | "U5) = (—€a + €r)0anbrs + 2(ralbs) — (rs|ba)

(Wo | 2|1 055) = (Wo | OV | WE) + (Vo | 02| UE7)
= (aa || r7)

= [ar|aT] — [aF|ar]

Ko

(Wo | 2|1 wrs) = o [ | 05) + (W | | i)

Wo| 02| W35) + (W0 | 02| WI7) )

@\mmw

(¢
(¢
(
Al

[ar|as] — [as|ar] + [as|aT] — [af|ds])
7 ar|as) + as|a7“)>
= V2(salra)
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Similarly,

(o o | Mz = (w0 0| 932 + (o 0a | 73))
1 o _ . - =
= 7 ([ar|br] — [ar|bF] + [ar|bF] — [ar|br]>
1
= 7 ((ar|a7’) + (ar|br))
= V2(rb|ra)

(Wo | 2| Wii) = —= (2 (Wol 2 | Wi} +2 (o | | WE5) — (%o | 2| W5;)

ﬁ‘._\
[\

+ (Wo | | WE) + (Wo | | Wig) = (Wo | | W35) )

{2([ar|bs] - [as|br}) + 2([@?\65] - [d§\5f]) — [as|br] + [ar|bs]

[\

HWM%MW+W@—WW_WW+W%@

[2(ar|bs) — 2(as|br) + 2(ar|bs) — 2(as|br)

[\

— (as|br) 4+ (ar|bs) + (ar|bs) — (as|br)

= \/g[(ra|8b) - (Tb|3a)}

(M| A — By | ML) = (Ui | 2| W) — B

=Y (m|h|m)—(alh]a) —(@|h|a)+ (rh|r) + (7| h|F)

N N

N
+%Z (mn || mn) — Zan”an Zan”an
m,n

n n

+ (aa || aa) + Z (rn || rn) + Z (Fn || 7n) + (Fr || 7r)

— (ar ||ar) — {(aF || aF) — (ar || ar)
N N

~(arllan) ~ (3 tmlnlm Z )

m

= —2¢,+ 26 + Jag + Jrr —4Jpq + 2Kra

s TS5 1 TS5 T
<1\Ilaa|‘%0_E0‘1\Ijaa>:§<<\Ilaé‘%’\lla>+<\Il |%|\Ij >

+ (Wi | | W) + (W | | W) — 280
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For each part,

N
(U | |32y =Y (m|h|m) = (a|h|a) = (@|h|@)+ (r|h|r) + (5| h|5)
1 N N
—I—in;l(mnﬂmn}—zn:(anﬂan Xn: (an||an) + (aa| aa)

N N
+ Z (rn|| rn) + Z (3n ]| sn) + (rs|| rs)

— (ar ||ar) — (a5 || a8) — (ar || ar) — (5] as)

N
(Uen | 2| W3) = (m|h|m) —(alh|a) = (@|h|a)+ (s|h|s)+ (F|h|T)
1 N N
+§mzn<mn||mn> —;mn”an ; (an | an) + (aa| aa)

N N

+ Z (sn || sn) + Z (fn || 7n) + (Ts || Ts)

— {as || as) — (a7 || a7) — (as| as) — (aF || ar)
(Uos | | WSy = (rs || s7) = Ky

(Ut | | Wi5) = (57| 75) = K,

Therefore
("W | A — By | ') = %( —deq + 26, + 265 + 2J50 + 2Jrs

_ 4Jra - 4Jsa + 2Kra, + 2K5a + 2K,,~3>
=&pr+E&s— 25a + Jaa + Jrs + Krs
- 2Jsa - 2J7'a + Ksa + Kra

Exercise 4.1

Solution:

t t
Y i (|| i)
c<d<e
t<u<v
If there is no one in ¢, d, e equal to a, and no one in ¢, u, v equal to r, the integral will be zero. This requires
at least one term in ¢, d, e to be equal to a. And the similar requirment is applied to ¢, u, v. For example, we
let ¢ be a, and t be r, after which we change the dumb variables. The result is:

PIATCAEAR

c<d
t<u
Exercise 4.2
Solution:
0 K c c
12 1 _ B 1
K12 2A Co Co
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—-E Ky i) 0
K12 2A — F C2

-E K
K, 2A—F

=0

E? - 2AE - K, =0

5 20+ VAN 1R,
2

— A+ (A4 EL)?

FEcorr is the lowest eigenvalue.
Eeorr = A~ (Az + K122)1/2

Exercise 4.3
Solution:
FEeorr = —0.020562
Ki5 = 0.1813

Cc = Ecorr/K12 =—0.1134
As R — oo, two-electron integral tends to %(¢1¢1|¢1¢1), and €1,e9 — E(H). That is

1
I%LIDOO Ko = §(¢1¢1‘¢1¢1)

lim A=0
R—o0
Therefore
. limp 00 K12
lim ¢ =
R—o0

Hm g, o (A — (A2 4+ KE)P - QA)

_ L(1d1]drn)
— 2 (d101]¢161)
=1
1 (1) ¥1(2)
(o) = —= | _ _
YVEIRQ) Bi©)
oy = L P2(1)  ¥2(2)
V2R da(2)

Because ¥; and 1) are the linear combination of ¢, and ¢s.

1 = c1(P1 + ¢2)
Vo = ca(P1 — ¢2)

Substitute the expands into determinants

v) = LG 0AE) + 0 5E) + B1AE) +6:(1650)
— (¢1(1)91(2) + ¢1(1)$2(2) + ¢2(1)d1(2) + ¢2(1)¢_52(2))}
= o (19161) +[6132) + [6260) + [022))
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2
9

W) = TH[(010)612) = 61(16:(2) ~ 9261 (2) + 62(1)62(2)
— (¢1(1)91(2) — ¢1(1)$2(2) — ¢2(1)$1(2) + ¢2(1)fl—52(2))]
1 _ - _ -
= m( [101) — [P1h2) — |dadhn) + [P202) )

As R — 00, ¢c— —1, and Si5 — 0:

Do) = |Wo) — |V22)
— %(2 |p102) + 2| d21) )
= |p1h2) + |pachr)

After normalization:

190) = —=(16162) + load))

Exercise 4.4

Solution:
Yij = [ dxidx) xj(x)y(xa,x7)x;(x1)

/
o= [ [ e g G e x|

B / daxr dxy X7 (x4) [y (er, x1)] " ()

Substitute y(x1,x}) with its definition:

=N [ g 106 [ e di Bk x) B ()

’yj*z = N/ dxq dx] x;(x7)x;(x1) / dxy ... dxy ®(x), ..., xN)®*(x1,...,%XN)
Because x; and x) are dumb variables, v;; = ;- And that matrix v is a Hermitian matrix is proved.

Exercise 4.5

Solution:

N N
7= 0= [ i bata x4

N
= Z/ dxy dx) xi(x1)x; (%)) - N/ dxy ... dxy ®(x1,...,x8)P"(x], ..., xN)
Make x; = x}. Then the result of integral is obvious:

try=N

Exercise 4.6
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Solution:
(a)
N
(®|0,|®) = Z (® | h(x1)| )

/dx1 dxg ... dxy ®*(x1,...,xNn)h(x1)P(x1,...,XN)
/dx1 (x1) /dXQ...dXN D (x1,...,xN)P(x1,...,XN)

- N / dxl (xl)’y(xl,xl)]

N -
/ lexll)] ,
X =x1

xl_xl

<(I) | 0y ‘(I) / dx; h Xl ZXz X1 ’VUXJ (Xl)

ij

= Z/ dxr X (x1)h(xa) X (x1) - 7ij
= Z hjivvis

Exercise 4.8

Solution:

(a)

K K K
['Bo) = colrthn) + D cf [272(or) + b)) + 5 30 S et [27 () + st

r=2 r=2s=2
1 K
= co [Yij)|i=1 + —= i) =1 T |¢z¢ i C1 |¢z¢ + [594)
0 J |: \@; ( J ’ 1 J 1 \f;;; J J )
1 K 1 K K
= cp" itz + 52 T )], ch [ithi) iz ﬁ;; T i) + IZX;JX;&H [Withs)

jon

Clearly CI expansion can be expressed as

K K
‘1‘I)O> = ZZ ij W’ﬂ/’]

For configurations [¢,4s) and [¢4¢),.), they are the same in some sense. Thus ¢}; and ¢} are equal.
And it can be concluded in general that

Cij =Cji
C is a symmetric matrix.

(b)

'®g) = WZ% (2) —i(2)5(1))
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v(1,1") :2/dX2 [\}»Zcij(i(l)j@)_i( } [ chl
_Zz/mq&“)(MMN)(MWMWW)
ij ki
*(2)()()5()2()()’?*(2)*1
_ZZC”CH )jl+3( )*( ) }

17kl

~
—~
~
~—

[E—

For the first part

=YY "Ci;Chy i(1)k*(1)d;

ij ki

= Z Z Ci;Cry i(1)k™ (1)

= %:ZCH )ik i(1)k" (1)
= i(éC*)ik i1k (1)

= i(CO*)M i(1)57(1")

The second part ’
:Z;%%ﬂWWM
= ZJ:ZCMCZ} JMr)
= ZZCW )i F(IF(1)
:;Z@muy (1)
. il:(CCT)jl JWr)
= i(CCT)ij i(1)57(1)

7(1,1) = Z(OC% [1(1)7" (1) +1i(1)5 (1]

(c)
ufcu=d

uciu=dt=d
Because d is diagonal.
Ufc = qut
ciu=ufd

Ufcciu = dufuld = dufu—1d = @2
G = ZQZ%UM
k

o7



i = (UN)irte

k

(1.1 = T (echy DOCUIEIE SUSTREORS SR MAE DG ee]
l

k k l

—ZZ (UD€ U7, [ GG (1) + Ge(1)G (1]

17kl
=3 S WO U [G ()G (1) + GG (1)
17kl
—deém[ G (1) + GG (V)]
—Zd?[@ )+G0)G ()]

|'®g) = ZTUQC’U [i(1)(2) —i(2)(1)]
= 22_1/207;3‘ |:Z UT szk Z U]L jl(l Z UT szk Z UT lel :|
i j l k l

= 3 Wl U 2 1/2[4 1)G(2) - G(2)a(1 >]

iy kl

= 3 YU 72 G (DG(2) - (2D

ij ki

|

= de5kz )
el
= Zdi 1G:G)

Exercise 4.9

Solution:

(a)

(b) It’s just obvious and skip it.

Exercise 4.10

Solution:

(11111215 | 22| 11112121) = 2| O01111112121) + (11111215 | O9 | 11112124)
2] Oy |11112124)

— [1221|1224]

fh
[y

[\~
N)

Exercise 4.9
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Solution:

(a)
<\1/0‘jf E‘\D2121>:K12
(30| - |93} = e

<\1,2121

H - B W) =0

212 o 21212922\ _
(Wt |or — plunisn) - K
2229 _ 21212925\ __
(Wi | - B w222 — Koy
21212222 21212227\ _
(0330332 | 0 | w3335 ) = dhos + 2

The integrals, such as (21(1)21(1)]22(2)22(2)) = Ja2 and (21(1)22(1)]22(2)21(2)) = Ka2, are zero.

21212529
<\I/11111212

2121252
A —E ‘ \111111121§> = Ahgy + 2Ja5 — Eo

=4ey — 8J12 + 4K + 2J95 — 4e1 + 2J11
=4(eg —e1) +2J11 + 2J20 — 8J12 +4Ko
=4A

Thus we could construct the full CI equation:

0 Ko Kio 0 1 1
K12 2A 0 K12 C1 9 E Cc1
K12 0 9A K12 o corr e
0 K2 Kip 4A c3 3
5 Chapter 5
Exercise 5.1
Solution:
(a) - 2 2
B(FO) = Y3 O} P 1AL P JU220F K
a<br<s €“+51’7€T759 S eite—e e 2(e1 —e2)  2(e1—e2)

(b)

1EcorrA(A2+K122)1/2A<A(

A(l (1+I§22)1/2)

A

K, K
a 2A o 2(62 — 81)
= Ecorr(FO)
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Exercise 5.2

Solution:

ert, = Y ey, (Wo | 2| U1

t<u
o 2i2; 2;2;
= <\1/0‘%‘ \I/mi>
2:2;
= ClziKlz
_ 242 _ 2;2; 2;2; tu tu
€1,1,6,1, = <‘I'11L- %‘ \I/0> + § :< 1 “111 1 > €11,
t<u

1,1;

— By | w2 el

For <x1:2 2 ’%ﬂ E, ‘ m2k21>,

case 1: i =k =1

case 2: i £ k=1=7]

(v

case 3: i =k #1

(v

2:21\ _ 2:2;
‘ \IlliL> - < 1;1;

%’ = K15+ 2Ac ? %

— B |WE) =3 (Bia]| 2ia) = 0

a

Exercise 5.4

Solution:

laabb) = (27V/2)* |(1, + 12)(11 + 12)(11 — 15)(11 — 1))

%(Ih(il + 1) (11 — 12)(T1 — 12)) + [1o(T1 + 1) (11 — 12)(T1 — 12»)
= 3 (@ T)1a(T — 1) + 1Ty + )L (T~ 12)))
B i(_ (Malilo(ty = 1)) + LT la(l = 1)) + ([LaTib (T = 1)) + LTl (11 — 12)))
- i(* (= LTilela) + L Ta1oT) ) + (= [12Ti11Ta) + 12T 1aT1) ))
:i(|11111212> [11101011) — [12111, 1) + |121211L>>
— 14T115T0)

Exercise 5.5
Solution:
(Wo | | Wi) = 2712 ((Wo | | Wi5) + (wo | | 035))
=272 ((aa | r7) + (aa | 55) )

271/2[(12
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1 _ = - _
(Win |~ Eo | Wi = 5 (Wi | = Bo | Wit) + (Wi | 7 — By | w33)

(W | — B | Wik + (Wi | A — By | 035) )

] . 1 1
(Vor ‘ H | ULn) = 2hyy + 2hyy + §J11 + §J22 +2J12 — Kq2
Eq = 2hqq + 2hpy + 2J11

Ea = haa + Jll
ep = hpp + J11

- ~ 3 1
(win | H ’ W) =2(ep + &) — §J11 + §J22 —2J19+ Ki2
E() =&qt+Ep— 2J11

(Uit | A — Eo | Win) =2(e2 —e1) + %Jn + %ng — 212 + K12
(UL | A — By | 055 = (rf||s§>:%J22
(Vs | A — Eo | O >:<wgg|jf—Eoy\1/;§>=%J22
(Us | A — Eo | W5s) = (Win | A — B | Uh) =2(e3 — 1) + 5 J11+ J22—2J12+K12
(Vo | A~ By | W3a) = 2e — 1) + g1 + T — 2o + K = 20

6 Chapter 6

Exercise 6.3

Solution:

@ _ (Yo |7 [n){n| 7| ¥o)
By’ = Z E(()O) _ ET(LO)
_ Z’ (Wo | > ;v(@)|n) (n]> ;v(i)| ¥o)
Eéo) —“E©

n

Because perturbation operator is the sum of one-particle operator, [n) and |¥y) must differ with no more than
two spin orbitals. And since n can’t be 0, |n) must be single-excited determinant, which can be noted as [¥7).

3 (Wo |2 0(i) | W) (W [ 3 v(i) [ Vo)
(Wo | 76 | Wo) — (W5 | A0 | V)

EY =

Based on the rule of the element of one-particle operator matrix

(0] 0ot w2 = G117
And the eigenvalue of J7) is the sum of spin orbital energy

(o | A5 | o) = > el
b
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(| |0 = e + e

b#a
E(z) — <a’ ‘ v ‘ T> <T | v | CL> _ VarVUra
0 ; 0 _ O s (0 _ ()

Exercise 6.4

Solution:
a.

EVY o[V [m) [* \2

( B - E(O))

_ UGTUTG
'I"
_ Z VaaVbrUrb
abr ( 0)>
b. With the same discussion stated in last exercise, |n) and |m) are single-excited determinant. We note them

as |U7) and |¥;) correspondingly.

A =3 tartid (Ve |21 95)

RaGE Iy

c. Just follow the rule of evaluating element of one-particle operator matrix

d.

ogy (U7 | | W3 v,
Eé3):Aé3)+B(()3):Z Varvsh (Vo | 7| W5) _Z VaaVbrUrb

abrs (51(10) - 5$*O)) (51()0) — €gO)> abr W

First, seperate the first term based on whether s is equal to r.

Z VarVsy (V5 | 7| 03) _ VarUrp (U5 | V| W) n Z VarVsy (V5 | V| 03)
abrs (520) (0)> (51(;0) - ng)) abr <51(10) - 5£O)> (51()0) (O)) a?zs ( 0) (0)> (53()0) - 5g0)>

Then for two situations b = a and b # a, each term can be divided into two parts.

Z VarUrb <\Il2 | v | ‘I’Z> _ Z Uarvra(zc Vee — Vaa + Urr)

Z VarUrbVba

3 _

abr <51(10) - 57("0)> (5;()0) - 55‘0)> ab (5&0) — 57(00)) abr (620) - 55’0)) (5(()0) - 550))
b#a

UTGUGTUCC /UU,T"UTU,/UU,U,
-yttt 5ttt
abe (5‘((10) — €£0)> ab (6510) — 550))

VarVraUrr VarVUrbVba
+ .=
o) D))

Z VarUsh <\If£ ‘ v | \I/z> VarVsbUrs

2 T ) (e~ ™ 5 ) (2 )
S#ET SFT
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E(3) _ VarVUsbUrs I VarUrqUrr
’ ; (5&0) — s@) (5510) — sgo)) %; (5510) _ 65})))2

et T

SFET

abr Er r

b#a

+

Z VarVraUcc B Z VaaVbrUrb
2 2
ab

(0 ) (- )

_ VarUshUrs _ Z VarUrbVba
(0 OY (D) & () (D)

VarVsbVrs VbrVarUab

> () () 2 () (o0

e. No need to say more.

Exercise 6.8

Solution:

@ (ab]| rs) |
E
0 4Z€a+5b—sr—as

({ab|rsy — (ab]| sr))({rs|ab) — (sr|ab
42 | | s7))({rs|ab) — (sr|ab))

€at+Ep—Ep — Es

abrs
1 (ab|rs) (rs|ab) — {ab|rs) (sr|ab) — (ab| sr) (rs|ab) + {ab]| sr) (sr|ab)
_72 €+ Eb —Er —Es

abrs

The second term:

ab|rs) (sr|ab ab|rs) {rs|ba
Z<|><|>:Z<|><|>

I, =
Eqa+Ep—€Er — €& Eqa+Ep—€Er —Eg

abrs abrs

The third term

I — Z (ab| sr) (rs|ab) _ Z (ba | sr) (rs|ba)

Eq+Ep—Epr —Eg Eq +Ep—Ep —Eg

abrs abrs

Because a and b can exchange(the summation is symmetric in a and b)

ba | sr) (rs|ba ab|rs) {rs|ba
Z<|><|>:Z<|><|>

I3 =
€atEp—Er — &y €atep—er— ey

abrs abrs

The last term

I — Z (ab] sr) (sr]|ab) _ Z (ab]|rs) (rs|ab)

€atEp—Er —Eg €atep—er — ey

abrs abrs

Therefore we got the result

1 ab|rs) (rs|ab 1 ab|rs) (rs|ba
*Z<‘><|>_*Z<|><|>

O _
0 2 €atep—€r—5 2 €q+Ep —Er — &

abrs abrs

Exercise 6.9

Solution:
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Set D = €9 — €1 and X = J11 + J22 — 4J12 + 2K12
1 1 2 ) 1/2
Eoorr = (D +5X) = {(D +5X) + Klg]

Introduce perturbation on each matrix element.

Eeorr = (D+ %AX) B {(DJF ;AX)2+>\2K122} 12

_ (D+%)\X) —(D+%)\X> 1+

A2 K2, ] 12
2
(D + 1AX)

Use (1+2)/2=1+1z+...

272 1/2
Foopy = (D + %)\X) - (D n %AX) l1 + AK”)Q]

(D+ 52X
1 1 1 NK?
- (D+7AX) - (D+7AX> 14—l
2 2 2(D+ 1IxX)
_ 1 XK}
2D+ 3MX
MK 1
- AX
2D 14 3%

Use (1—z)t=1+x+...

2K? X
Ecorr = _A 12 (1 A )

2D \" 2D
B NKZ,  MNKLX
2D 4D?
Second-order energy:
K7, K7,

(2)
EY == =__"2=
0 2D 2(81 —52)

Third-order energy:

E(g) _ K122X _ KIQQ(JH + Jog — 4J12 + 2K12)
0 4D2 4(52 — 61)2
Exercise 6.10
Solution:
o 1 2N
1
Ey ' = (Yo |7 | Vo) = —521;<abllab>
1 N N
= _5 |:Z <1111 || 1211> + Z <1zlz || 111l>:|
i i
=—-NJp;
<\Ijli11 H — o ‘ qlliii> B <\Illiii H ‘ \Ijliii> - <\Ijliii Ao ‘ \Ijliii>
<\If§:% H ] \p§§> = (2N — 2)hyy + 2has + (N = 1)J11 + Joo
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<\P11'i'i

Because €1 = hi1 + J11 and €3 = has + 2J12 — K12

A ‘ xp§§> = (2N — 2)e; + 25

<\I/i% H— A ‘ \pi%> = (N —1)J11+ Jog — (2N = 2)J11 — 4J12 + 2K12 = —NJ11 + Ji1 + Jao — 412 + 2K712
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